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BOUNDED COHOMOLOGY AND NON-UNIFORM
PERFECTION OF MAPPING CLASS GROUPS
H. ENDO AND D. KOTSCHICK
Abstract. Using the existence of certain symplectic submanifolds in
symplectic 4-manifolds, we prove an estimate from above for the number
of singular fibers with separating vanishing cycles in minimal Lefschetz
fibrations over surfaces of positive genus. This estimate is then used to
deduce that mapping class groups are not uniformly perfect, and that
the map from their second bounded cohomology to ordinary cohomology
is not injective.
1. Introduction
It is well-known that the mapping class group of a closed oriented surface
F of genus ≥ 3 is perfect. In this paper we shall prove that it is not uniformly
perfect, meaning that there is no number N such that every element of the
group is a product of at most N commutators. By a result of Bavard [1], this
statement implies the non-injectivity of the map from the second bounded
cohomology of the mapping class group to its ordinary cohomology. This
non-injectivity and the non-perfection of the mapping class groups confirm
two conjectures of Morita [16].
We shall also prove the above statement about the bounded cohomology
for some non-perfect subgroups of mapping class groups, namely for the
Torelli groups and for the hyperelliptic mapping class groups.
As in [11], we use results of Taubes [19] on the Seiberg–Witten invariants
of 4–dimensional symplectic manifolds to study the mapping class groups
of surfaces. We generalise the main argument of [11] from smooth surface
bundles to Lefschetz fibrations. The result is an estimate from above for
the number of separating singular fibers in Lefschetz fibrations over aspher-
ical surfaces, in terms of the base and fiber genus (and of the number of
nonseparating singular fibers). The existence of such an estimate implies
that mapping class groups are not uniformly perfect, even if one does not
know the exact shape of the estimate. Every concrete estimate, however,
quantifies the failure of uniformity of perfection; see Theorem 2 below.
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2. The main theorems
In this section we prove the main technical result about Lefschetz fibra-
tions and conclude that mapping class groups are not uniformly perfect.
For definitions and further information on smooth Lefschetz fibrations we
refer to [6]. We assume throughout that Lefschetz fibrations have at most
one critical point in each fiber, and we call the corresponding singular fiber
separating or nonseparating according to whether the vanishing cycle is sep-
arating or nonseparating.
Theorem 1. Let X be a connected smooth closed oriented 4-manifold and
f : X → B a relatively minimal Lefschetz fibration with fiber genus h ≥ 2
and base genus g ≥ 1 having s separating and n nonseparating singular
fibers. Then
s ≤ 6(3h − 1)(g − 1) + 5n .(1)
Proof. By a result of Gompf, see [6], X is a symplectic manifold, and the
fibers are symplectic submanifolds. As has been observed before [12, 18],
the assumption of relative minimality here implies that X is minimal and
not ruled, because any pseudo-holomorphic sphere in X would have to be
contained in a fiber because g ≥ 1. Thus Liu’s extension [13] of Taubes’s
results [19] implies K2 ≥ 0, which we can write as
b+2 (X) ≥
1
5
(b−2 (X) + 4b1(X) − 4) .(2)
Every reducible singular fiber contains a curve of negative selfintersection,
and all of these are linearly independent in homology and independent of the
class of a smooth fiber, which has selfintersection zero. Therefore b−2 (X) ≥
s+ 1. Substituting this in (2) and using b1(X) ≥ 2g ≥ 2, we obtain
b+2 (X) ≥ 1 +
1
5
s .
As the claim (1) is trivial for s = 0, we may assume s ≥ 1, and therefore
b+2 (X) ≥ 2.
The Euler characteristic of X is
χ(X) = 4(g − 1)(h − 1) + s+ n .(3)
We estimate the signature of X using Novikov additivity by decomposing
the fibration into two pieces. Let D ⊂ B be an embedded 2-disk containing
all the critical values of f . If X1 = f
−1(D), then a result of Ozbagci [17]
gives
σ(X1) ≤ n− s .(4)
Let X2 denote the restriction of X to B \D. As B \D can be decomposed
into 2g−1 pairs of pants, and the signature of X2 over each of them is given
by the Meyer cocycle [15] and therefore bounded by 2h, we conclude
σ(X2) ≤ 2h(2g − 1) .(5)
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Combining (4) and (5), we obtain
σ(X) ≤ 2h(2g − 1) + n− s .(6)
Passing to finite covers of B and applying (6) to the pulled-back fibrations,
we finally have
σ(X) ≤ 2h(2g − 2) + n− s .(7)
As b+2 (X) ≥ 2, a result of Taubes [19] ensures that the canonical class K
of X is represented by a symplectically embedded surface Σ ⊂ X. It may
be disconnected, but because X is minimal, Σ has no spherical component.
In the argument below we will tacitly assume that it is connected. In the
general case the same argument works by summing over the components.
For the genus of Σ we have the adjunction formula g(Σ) = 1 + K2 =
1 + 2χ(X) + 3σ(X). Using (3) and (7) we obtain:
g(Σ) − 1 ≤ 2(10h − 4)(g − 1) + 5n− s .(8)
The fibration f induces a smooth map Σ → B of degree d equal to the
algebraic intersection number of Σ with a fiber. This is calculated from the
adjunction formula applied to a smooth fiber F :
d = Σ · F = K · F = 2h− 2 .(9)
Now Kneser’s inequality g(Σ)− 1 ≥ |d|(g(B) − 1) gives:
g(Σ) − 1 ≥ 2(h− 1)(g − 1) ,
which together with (8) completes the proof of (1).
The following consequence of Theorem 1 makes precise the failure of uni-
formity of perfection of mapping class groups. It also applies to the genus 2
case, where the mapping class group is not perfect.
Theorem 2. Let a be a nontrivial separating simple closed curve on a sur-
face F of genus h ≥ 2, and let ta be the corresponding Dehn twist. Suppose
that tka with k > 0 can be written as a product of N commutators. Then
N ≥ 1 +
k
6(3h − 1)
.(10)
Proof. We consider a Lefschetz fibration over the 2-disk D with precisely
k singular fibers, such that with respect to a basepoint on the boundary
of D the vanishing cycles of all the singular fibers can be identified with
a. Then the monodromy of the fibration around the boundary of D is tka.
If this can be expressed as a product of N commutators, then we can find
a smooth surface bundle with fiber F over a surface of genus N with one
boundary component and the same restriction to the boundary. Let X be
the Lefschetz fibration over the closed surface B of genus N obtained by
gluing together the two fibrations along their common boundary.
By construction, no fiber contains a sphere, so X is relatively minimal.
Thus we can apply Theorem 1 to conclude k ≤ 6(3h − 1)(N − 1) as n = 0
in this case.
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Remark 3. Theorem 2 implies in particular that no tka equals a single com-
mutator. For k = 1 this was previously proved in [10]. The proof there
depends on a result of [18] whose proof is not correct as written, but can by
salvaged in the case needed for [10], see the Erratum to [18].
Remark 4. It is clear that the number of factors needed to express tka as a
product of commutators grows at most linearly with k. Thus Theorem 2
settles Problem 2.13 (D) in Kirby’s list [9] qualitatively.
Corollary 5. Let Γkh,r be the mapping class group of genus h with respect
to r marked points and k boundary components (fixed pointwise). The group
Γkh,r is not uniformly perfect for h ≥ 2.
Proof. If k ≥ 1, then we have a surjective homomorphism
Γkh,r −→ Γ
k−1
h,r+1
given by collapsing a boundary component to a point. We also have surjec-
tive forgetful homomorphisms
Γkh,r −→ Γ
k
h,r−1 ,
so it is enough to prove the claim in the case r = k = 0. But this case is
immediate from Theorem 2.
3. Bounded cohomology and commutator lengths
In this section we relate Theorems 1 and 2 to the second bounded coho-
mology.
Let G be a group, and [G,G] its commutator subgroup. For an element
g ∈ [G,G], the minimal number cG(g) of factors in an expression of g as a
product commutators is called the commutator length of g. The limit
||g||G = lim
n→∞
cG(g
n)
n
is called the stable commutator length of g. This is related to the second
bounded cohomology of G by the following result:
Theorem 6. (Bavard [1]) The map H2b (G) → H
2(G) is injective if and
only if the stable commutator length ||g||G vanishes identically on [G,G].
Now the proof of Theorem 2 implies that the stable commutator length
of the Dehn twist along a separating simple closed curve is bounded below
by 16(3h−1) . More generally, if g ∈ Γ
k
h,r is a product of s separating Dehn
twists, not necessarily along the same curve, then we obtain
||g||Γk
h,r
≥
s
6(3h − 1)
.(11)
Thus Theorem 6 implies:
Corollary 7. The map H2b (Γ
k
h,r) → H
2(Γkh,r) is not injective for all h ≥ 2
and k, r ≥ 0.
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As Theorem 6 is not limited to perfect groups, we can also deal with some
subgroups of mapping class groups.
3.1. Hyperelliptic mapping class groups. Let ∆h be the hyperelliptic
mapping class group of genus h ≥ 2. It is known that H2(∆h,R) = 0,
cf. [5, 8], so that the statement analogous to Corollary 7 is just:
Corollary 8. The bounded cohomology H2b (∆h) is non-trivial.
Proof. From the presentation of ∆h due to Birman-Hilden [2], it follows that
the Abelianisation of ∆h is a finite cyclic group of order 4(2h + 1) if h is
odd, and of order 2(2h + 1) if h is even.
Let a be a nontrivial separating simple closed curve on the surface of genus
h which is invariant under the hyperelliptic involution. Then t
4(2h+1)
a ∈
[∆h,∆h], and using (11) we obtain:
||t4(2h+1)a ||∆h ≥ ||t
4(2h+1)
a ||Γh ≥
4(2h + 1)
6(3h − 1)
> 0 .
Thus the claim follows from Theorem 6.
3.2. Torelli groups. Let Th be the Torelli group of a closed oriented surface
of genus h ≥ 2 defined by
1 −→ Th −→ Γh
φ
−→ Sp(2h,Z) −→ 1 ,(12)
where φ denotes the represention of the mapping class group on homology.
Corollary 9. The map H2b (Th)→ H
2(Th) is not injective.
Proof. For h = 2 this follows from the result of Mess [14] that T2 is a free
group (on infinitely many generators).
Johnson [7] proved that for h ≥ 3 the commutator subgroup of the Torelli
group is:
[Th,Th] = T
2
h ∩ Kh ,
where T 2h is the subgroup generated by all squares of elements of Th, and
Kh is the subgroup generated by the Dehn twists along separating simple
closed curves.
Thus, if ta is a separating Dehn twist, then t
2
a ∈ [Th,Th]. Using (11), we
have
||t2a||Th ≥ ||t
2
a||Γh ≥
2
6(3h − 1)
> 0 ,
and so the claim follows from Theorem 6.
Remark 10. Here we have used the bound (11) on the stable commutator
length in Γh obtained from Theorem 1, which is certainly not optimal for
Th. Examining the proof of Theorem 1, we see that for Lefschetz fibrations
whose monodromy is in the Torelli group, we have σ(X) ≤ n − s instead
of (6), so that (1) is replaced by
s ≤ 6(h− 1)(g − 1) + 5n .(13)
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With this we obtain
||t2a||Th ≥
2
6(h− 1)
.
Remark 11. It has been pointed out to us by M. Burger that the kernel
of H2b (Γh) → H
2(Γh), which is non-trivial by Corollary 7, injects into the
kernel of H2b (Th) → H
2(Th) under the restriction map. This follows from
the exact sequence in bounded cohomology associated to an extension of the
form (12), see [3], together with the injectivity in degree 2 of the map from
the bounded to the ordinary cohomology of Sp(2h,Z) proved in [4].
References
1. C. Bavard, Longeur stable des commutateurs, Enseign. Math. 37 (1991), 109–150.
2. J. Birman and H. Hilden, On mapping class groups of closed surfaces as covering
spaces, in Ann. of Math. Studies 66, Princeton Univ. Press 1971.
3. A. Bouarich, Suites exactes en cohomologie borne´e re´elle des groupes discrets,
C. R. Acad. Sci. Paris Se´rie I 320 (1995), 1355–1359.
4. M. Burger and N. Monod, Continuous bounded cohomology and applications, Preprint.
5. F. R. Cohen, Homology of mapping class groups for surfaces of low genus, Con-
temp. Math. 58 (1987), 21–30.
6. R. E. Gompf and A. I. Stipsicz, 4–manifolds and Kirby calculus, Amer. Math. Soc.,
Providence, RI 1999.
7. D. Johnson, The structure of the Torelli group III: The abelianisation of T , Topology
24 (1985), 127–144.
8. N. Kawazumi, Homology of hyperelliptic mapping class groups for surfaces,
Topol. Appl. 76 (1997), 203–216.
9. R. Kirby, Problems in low–dimensional topology, in Geometric Topology,
ed. W. H. Kazez, Studies in Advanced Mathematics Vol. 2, Part 2, American Mathe-
matical Society and International Press 1997.
10. M. Korkmaz and B. Ozbagci, Minimal number of singular fibers in a Lef-
schetz fibration, Proc. Amer. Math. Soc. (to appear), available from Preprint
arXiv:math.GT/9812051.
11. D. Kotschick, Signatures, monopoles and mapping class groups, Math. Research Let-
ters 5 (1998), 227–234.
12. T.-J. Li, Symplectic Parshin-Arakelov inequality, Preprint.
13. A.-K. Liu, Some new applications of the general wall crossing formula, Math. Research
Letters 3 (1996), 569–585.
14. G. Mess, The Torelli groups for genus 2 and 3 surfaces, Topology 31 (1992), 775–790.
15. W. Meyer, Die Signatur von Fla¨chenbu¨ndeln, Math. Annalen 201 (1973), 239–264.
16. S. Morita, Structure of the mapping class groups of surfaces: a survey and a prospect,
Geometry and Topology Monographs Vol. 2: Proc. of the Kirbyfest 1999, 448–505.
17. B. Ozbagci, Signatures of Lefschetz fibrations, Preprint arXiv:math.GT/9809178.
18. A. I. Stipsicz, Chern numbers of certain Lefschetz fibrations, Proc. Amer. Math. Soc.
128 (2000), 1845–1851.
19. C. H. Taubes, SW ⇒ Gr, From the Seiberg–Witten equations to pseudo–holomorphic
curves, Jour. Amer. Math. Soc. 9 (1996), 845–918.
BOUNDED COHOMOLOGY OF MAPPING CLASS GROUPS 7
Mathematisches Institut, Universita¨t Mu¨nchen, Theresienstr. 39, 80333 Mu¨nchen,
Germany; current address: Department of Mathematics, Tokyo Institute of
Technology, Oh-Okayama, Meguro 152-8551, Tokyo, Japan
E-mail address: endo@math.titech.ac.jp
Mathematisches Institut, Universita¨t Mu¨nchen, Theresienstr. 39, 80333 Mu¨nchen,
Germany
E-mail address: dieter@member.ams.org
